
f ^ jQ ^^ ' j Aal^-all j - ••*^ ^A M(1,0) — / (j^j 

. F cs^ X-5 '.''ii^tj M(x,y) 2JjIa<i M(x ,y') jSlS 

<=^ M(x,y) x M(x',y,) = M(x',y,) x M(x,y) = / 

f ^ 4.5) : tiaSfl ^>AUI 

 ®®" 

M ^xx',xy' + -7^ = M(1,0) 

1 x = — e 
1 x 
ly = —y e M 

4 imiib /Vf ; —y^ /Vf (^x, y) JS (jjj 

. F J* 

; jV (J-^ X 

fM(x,y) x M(y, x) = M(xy ,x2 + 1) 

\M(y,x) x M(x,y) = M(xy,y2 + 1) J 

(Vx ^ y) ; x2 + 1 ^ y2 + 1 : j' jjj 

4_I]JUJ jjc. Oj-oj (f;x) : 

Uj^I 

  

JaVl M(1,0) F iy* G 

G (> M(h, 0) j M(a, 0) 

M(h, 0) x (M(a, 0))' = M(h, 0) x M Q, 0) : ^ 

= M [— ; 0 
\a 

M(-,o) eG : j ^ 0 jj] a ^ 0 Va / a 

. (F,x) j (G,x) : j 

(1,1) 1 (2,3) = (2 ; 3+i) = (2;- 

(2,3) 1 (1,1) = (2 ; 2+0 = (2,5) 

F (> M(a, ft) j M(x, y) 

* y\ /a ft 
M(x,y) xM(a,ft) = I 0 i)x(0 i 

(xa xft + -\ 

0 i" xa / 

= M (xa; xft + 0 

(J^M),X) (jx jq"i>■!x-i ^0^. 

 ©®" 

(J%^M),x) (> «•>■ F ^ 

F cs^ X jjj 

F t> M(e, /) j M(c, d) j M(a, ft) 

; Uj^I 

(M(a,ft)x M(c, d)) x M(e,/) = M^ac,ad + —jx M(e,/) 

j ad b \ 
= M eac , acf H 1  

\ e ce/ 

• liUjS UiJ j 

M(a, ft)x (M(c, cZ)x M(e,/)) = M(a,ft)x M (ce, c/ H—j 

j ad b\ 
= M eac , acf H 1  

\ e ce/ 

(M(a,ft)x M(c,d)) x M(e,/) = M(a,ft)x (M(c,cZ)x M(e,/)) 

• F X 

F iy M(c, d) j M(a, ft) 

(p(M(c, cZ) x M(a, ft)) = tp (^ac ; ftc + 0 j : ^ 

= (ac;ftc + 0 

= (c, d) 1 (a, ft) 

= (p(M(c, cZ)) 1 (p(M(a, ft)) 

. (F, 1) (F,x) (> jSLii ^ jj] 

£" 1 j^jc. (a^ b) 

(p[M{x, y)) = (a, ft) : M(x, y) aijj 

^ (^ y) = (a. b) 

F ^ i-iAiLi-all M(e1; 62) 

VM(a, ft)cF ; M(a, ft) X M(e1; 62) 

= M(e1; 62) X M(a, ft) = M(a, ft) 

M ^ae! ; ae2 H ) = M(a, ft) 

i(26^ = d 
ft 

aeo H = ft 
ei 

(^2 = 

(c! = 1 el 
0 c: 
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mm. 

m1 = V2 
2V2 + 4 

+ i 
V2+2 

m2 = V2 
2V2 + 4 

V2+2 

2)(I)' 
4_njiLall ^L^all ^c-ljS la^>>> (Jl^_uil ^9 

Z! = re 

z1 = 1 — tm 

= 1 — ie161 

= 1 — i(cos0 + i sin0) 

= (1 + sin0) — i cos 6 

; ^-uiaJ 

' lilj] 

(p J T T" J^1 (j^j 

(1 + sin 0) — i cos 9 = r cos cp + i sin cp 

(r cos cp = 1 + sin0 
[rsintp = — cos0 

(r cos tp)2 + (r sintp)2 = r2 : ^ 

(1 + sin0)2 + cos2 0 = r2 : jjj 

r2 = 2(1 + sin0) = 2 (sin| + sin0^ : ^ j 

= 2(2sin(i+f)cos(i-f)) 

= 4sin(i+Dsin(i+f) 

= 4sI"26+0 

r = 2sin(| + i) :ui] 
  

■ ^Ic. AIlAiaj j- 

— COS 6 
sintp = 

2sin(f+ f) 

cos(ji — 9) 

2sin(5+f) 

sin(^E + g) 

2sin(5+§) 

sin(i-g) 

2sin(5+§) 

rX = a 
^ [y = b 

M(x, y) j 

\/(a,b)eE ,3\M(x,y)eF ; (p[M(x,y)) = {a,b) 

(£",1) (F,yC) (> J 

(£", 1) J3-5 (F,X) 6^ JSluu (p ; 

Oj-0 jil 4_nj Jc J^\ ^jl ^ 

jVf ^1^0) jA> Ajl ^ ^\| lA J . X-I'IC. Lftj 

. f X -5 ^ajlb M —y) M(x, y) JS j 

(p(M(l,0)) ^jjil jA AjU^ll Uj,^iV. A^^Ui ij (£", J.) ; 

. q)^M (^, —y^j ^ (x, y) (Tjj JS j 

r<p(M(l,0)) = (1,0) 

|<p(M(;.-y)) = (l-y) 
• Uj^I 

i n 4.0 i 

-©©O" 

A= (1 — i)2(m + I)2 + 4i(m2 + 1) 

= —2i(m2 + 2m + 1) + 4im2 + 4i 

= 2im2 — Aim + 2i 

= 2i(rn2 — 2m + 1) 

= (1 + i)2(m — I)2 

-©©(1)1 

z1 = (1 — im) Z2 = (m- i) 

-®®(I)' 

Z1Z2 = 1 : t> j m = re : 

(1 — im)(m — i) = 1 

<=> m — i — m2i — m = l 

<=^ m2 = -1 + i 

r2e2id _ ^2 

Sin 
r2e2ie _ yl2e~A~ 

r2 = V2 
3n 

9 = — + kn 

-V2 V2 
H—— i 

k e {0,1} 

r = V2 
Btt . UTT 

9 = — jl 0 = — 
8 8 

mi = V2 e 

1^2 = V2. 

Sin 
"8~ 
lliTr 
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M 

COS (p 

cosq) = 

—cos(n — 9) 

2smg-§) 

-sin (^ +a) 

2 sing-f) 

-2sln(-^ + f)cos(-g + f) 
n . 

cosq) 

ros qi = 

2sin(?-f) 

2sl"(f~?)cos(T + l) 

—n 6 
<=^ cos q) = cos (—h — 

^ = (f+9[kn] 

-y ■ (n 9\ 'f^+f) Z2 = 2sin^---jeV4 2) 

: j4) 

AauSLalo JaSj M2 J Ml J M M e (M1M2) 

Zi — m 
— cM 
Z2 -m 

1 — im — m 
 cM 
m — i — m 

i + m — im c M 

m = x + iy : 

(x + y) + i(y — x + 1) c 

y — x + 1 = 0 

y = x — 1 

y — % — Aliljljt-ii 1 /i yi ^ ■■ /i (JS M Jaiill 2 f- j/'-v /i jjjj 

 ©@(11)' 

z ' = 1 — iz (> 

; ^ AjjLUIIAII OAA 4_JU^ 

(a duij z' = eie (z — co) + co 

( JS _ : 

(—ooe161 + 00 = 1 

2sin(|__)cos(|__) 

2sin(5+f) 

-2cosg+|)sing+|) 
TT . 0> 

0 . (n 9\ 
2 stoW + 77 

'TT 0\ /—TT 6 
= — cos | — + — = sin —— + - 

.4 2) V 4 2 

^ = (f + D [/c7r] : jA1 

Zi = (2sing + 0)eI(4+2) 

Z2 = TelCP : Ailjjall 

Z2 = m — i = eie — i = cos 9 + i(sm9 — 1) 

• 11 1 Q q) J T ■Jf' ' 

r cos q) + ir sin q) = cos 9 + i(sin 0 — 1) 

fcos0 = r co 
[sin0 — 1 = 
Ccos0 = r cosq) 

r sintp 

(rcosq))2 + (rsinq))2 = r2 

(cos9)2 + (sin 9 — I)2 = r2 

r2 = 2(1 — sin0) 

r2 = 2(1 + sin(—0)) 

; Uja] 

: u^! 

4_Lq J 

: u' (Jl^uill lAA (j-o (JjVl c 

TT" Q 
2(1 + sin 0) = 4 sin2 (^ ^ 

1 /"n d\ 
2(1 + sin(—0)) = 4 sin2 ^ — 2 j ' 

r2 = 4 sin2 (— — — 1 : lt+J 
n 9 

4 2 

'TT 0 
r = 2sin|--- 

|j^£- LojIJ p^ 

■ ^Ici 2 ^ 121 \ \ fya AXtiJSJ 7- 

COS 0 
COS 

inU 2) 2 sin 
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MB 

(4) 3"(1 + 2") = 1[2] : ^ J—i (2) j (3) (> 

(2n - 1) + 3n(l + 2n) = 2[2] : ^ (4) j (1) (> j 

2 = 0[2] :jV (2n — 1) + 3n(l + 2n) = 0[2] : ^ 

an = 0[2] : j 

( 0=~ 
l<iJ =\ — \i v 2 2 

: 

—n 
2 

, n jl£ LsiiS j an : j 

 0® 

an = 2n + 3n + 3n2n — 1 :M 

an = 2n(3n + 1) + (3n — 1) :^ 

3n = 0[3] : jj) 3 = 0[3] : J ^ 

z' = e"{z-i+i)+{i-i) 

Aiijlj j 4Jailll sjSjx jl jjJ (jc. 'ijUc ^ jjl 

 ©@(II)" 

m = x + iy j 3ie(m) = x j 3m(m) = y : 

rz2 - z2 ~ Z1 ^ fz2 ~ Z1 
Z2 —m \z2 — mJ \Z2 — m 

m + i — 1 — im m — i — 1 + im 

(6) (3n + 1) = 1[3] j (5) (3n - 1) = —1[3] ' 4_Lq 

2n(3n + 1) + (3n - 1) = 2n - 1[3] : ^ (6) j (5) j- 

(7) an = (2" — 1)[3] :^ 

i i 

<=> (x — iy) + i — 1 — i(x — iy) = (x + iy) — i — 1 + i(x + iy) 

<=^ —2ix + 2i — 2iy = 0 

<=> x + y = 1 

3ie(m) + 3m (m) + 1 

2n = (—l)n[3] :jjl 2 = —1[3] 

-<i)(2)ao' 

(8) (2"-1) = ((-!)"-1)[3] : 

sjjlilo ^2 j j M j Q -^=^1 jjS (>1 

'z2 ~ zas 

arg 
(z2 - z\ \ = 

Vz? — m/ 
ar^ 

an = (—l)n — 1[3] : j' (8) j (7) (> 

(_l)2fc _ ^ = 0 ; 

an = 0[3] : 

(>« 

Z2 - mJ VZ! - Z/3 

Z2-Zn\ -tQ-^-m) 

zi-z^ G-7-m) 

[tt] 

• Ujj] 

(_l)2fc+i _ _ _2 • jc, jjc n ; (Ji 

1 Jckj — — : Jl 
zi ~ zn 

, , Z2 Zi 
L5laaJ   ; 4_LQ J 

z2-m 

an = -2 [3] 4_Lq 

• Jc jiijx (Fermat) ^jf (jj=^ 

-©@(11)' 

2P = l[p] (1) 

j 

SP-^Up] (2) 

[ J-s' P 
Ip A 2 = 1 

[ J-s' P 
Ip A 3 = 1 

• Jc J. ^i'. 1 l_S JaJ UJa (2) J (1) jiSsljlall 

3P-1.2P-1 = i[p] 

• \ 
6P"1 = l[p] : J*^ 

..iSljS 

<=^ 3ie(m) + 3m(m) = 1 

<=> y = —x + 1 

sjjIJLLO M2 J J M J Q J?-' (In1 Jil M jjl 

(A) : y = —x + 1 : ajIjUx ^ill (A) JiAj 

f t'j 3.3) 

 ®®" 

an = 2n + 3n + 6n - 1 : M 

= (2n — 1) + 3n(l + 2n) 

3 = 1[2] j 2 = 0[2] : ^ 

3n = l[2] j 2n = 0[2] :JI 
J \ 

(1) (3) 3n = 1[2] j 
(2) 

("2" — 1 = 1[2] 
1[2] 

f2 — 1 = 
(2" + 1 = 

4_Lq 
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^ >pM (0 3f3) 

^ ®®- 

lnx = nlnt : jjj x = tn : 

/InxX 
t = e^ n ) 4_Lq 

lim /n(x) = lim x(l — lnx)n • lui 
x^>0+ x^>0+ 

= lim tn(l — nlnt)" 
t^o+ v y 

= lim ft — ntint) = 0 = fn(0) t^o+v^ —4^--/ JnK y 

0 0 

Altaic 4J|J ^ 

lim /7nCO fMX = ^ _ n = +oo g 

x^0+ \ x — 0 / x^0+ 

jL ^all ^ J^c. ^ (jjj 

lim lim (l-lnx)2 = +c 
t^+oo \ x ) X^+OO 

lim f2 (x) = lim x(l — Inx)2 = +oo 
x^+oo X^+OO 

lim ) = lim (1 — Inx) = —oo 
t^+oo \ x ) X^+OO 

lim /i(x) = lim x(l—lnx) = —oo 
x^+oo X^+OO 

/i(x) = X(1 —lnx) : ^ 

/i (x) = (x — xln x)' : jjj 

= 1 — (Inx + 1) 

= — Inx 

1 JJaJl ; Aio j 

// (x) < 0 : jli x > 1 : I jj 

/[' (x) >0 : x < 1 : I jj 

-®@i 

®2)(ll)l 

(l) (3 ■ 2P_1 = 3[p] | : jj) 2P_1 = l[p] : ^ 

(2)f 2 ■ SP"1 = 2[p]j 3P_1 = l[p] :Mj 

(3)( 6 ■ 6p—2 = l[p]] : :Mj 

(4) j —6 = —6[p] j : ^ j 

J. ^i'. i i_sJLJ lijL (4) j (3) j (2) j (1) 

3 ■ 2P_1 + 2 ■ SP"1 + 6 ■ 6P_2 - 6 = 0[p] 

6 ■ 2P_2 + 6 ■ 3P_2 + 6 ■ 6P_2 — 6 = 0[p] 

6(2P_1 + 3P_1 + 6P_2 — 1) = 0[p] 

^ 6(ap-2) = 0[p] 

p/6(ap_2) (5) 

6 — 21 X 31 ; (Jxljc. ^ ijKq'i 

(6) 6 A p = 1 : jjj 3 t> Jji p j 

P / ap-2 '■ (Gauss) (6) j (5) (> 

-@@(11)' 
Uljl IJ^c. q 

; q CIjV^ QiJ ^ (Jj-aij 

a = 2 JjVIAibJI 

(VneN*) : 2 / an : ®®^ 

(3neN*) : an Aq = q : jjj 

flf = 3 1^1 : AJlaJl 

(VneN*) : 3 / an : @ @^ 

/ N 
(3neN*) : an Aq = q : jjj 

flf > 3 t'jlS 1^1 : A-SlaJl 

(Vq > 3) ; q / aq_2 : ji@@Jl>Jl ^ 

(3neN*) : an Aq = q : jjj 

• J dOllll 6AA jj-o ^rVi'n /i ; 

(VqelP) , : an A q = q 
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m&mm. ©}{© © © © © ®M® 
0wmm 

(m 

(^i 

fl (x) 
]0,+oo[ ,>41^ X 1 + x2 

i Tp A_il^ai 4Jb (Jjii jjj 

 0®' 

aJIAII Uj^I 

F(x) = i/;(l) — i/;(ex) j ip (x) = 
fl(x) 

(1 + X2) 

]—oo; 0[ F : lP] 

F (x) = (iKl)) - (jp(ex)) 

= 0 — ex\l)'{ex) 

-exh(ex) 

1 + e2x 

(x — l)e2x 

• Uj^I 

1 + e 2x 

(V.<0); F'W = (X"1)f" M 
1 + e 2x 

,2x 
(Vx < 0) ; 

1 + e 2x > 0 ; ji Uj j 

(x — 1) 6jl-ulb Jala F' (x^) ojbij jli 

x < 1 <= x < 0 : j 

x — 1 < 0 : ^ j 

]—oo; 0] ^ 4Jb F : F (x) < 0 : J 

155 ; 

^ (jjj ^r'nuin 

X 0 1 e +00 

A'W + ( ) - 

fl 
1 

(o; ■k
)

 

/2(x) = (x(l -Inx)2) 

2x 
= (1 — In x)2 (1 — In x) 

x 

= (1 — Inx)2 — 2(1 — Inx) 

= (1 — lnx)(l — Inx — 2) 

= (1 — lnx)(—1 — Inx) 

■ e j- ^ f2 ; ji 

X 0 - e +oo 

1 — Inx + + ( ) 

— 1 — Inx + ( 1 - 

f2 (x) + ( ) - ( ) + 

f2 

fi (x) - h (x) 

= x(l — Inx) — x(l — Inx)2 

= x(l — Inx) (Inx) 

X 0 1 e +oo 

Inx ( ) + + 

(1 — Inx) + + ( 1 

x(l — Inx) Inx ( 1 + ( 1 

[1; e] ^ (^)tjjai?.jj (^ ) jjj 

. ]0; 1] j [e; +oo[ Jx- (^ )Ji^i (^ ) j 
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-®®1 

ngP^^^^^S)iiM0i i i®MM wmm mmm c®i 

n > 1 j 1 < x < e jSJ 

(1 — Inx) > 0 : ^ j 0 < Inx < 1 : jjj 

[n (x)dx > 0 x(l -lnx)n > 0 : ^ 

un > 0 : l?' 

x<0 : te{ex-,l\ jSJ 

ex <t <1 : 

1 + e2x < 1 + t2 < 2 

1 1 
<=> - <   T < 

4_Lq J 

l 

2 1 + t2 1 + ,2x 

i /i(0 /i(0 
i + t2 i + 2x 

/n+l(x) -/n(x) • Uj^I 

= x(l — lnx)n+1 — x(l — lnx)n 

= x(l — In x)n (— In x) 

-lnx<0 j (1—lnx)>0 : CP l<x<e 

Wj1 (t) dt< I (tTF) dt< I (iT^) ■ 

l{/>(t)dt<F(x)<aT^Lmdt 

fn+l (x) < fn(x) : ^ fn+lM - /n(x) < 0 : ^ J 

 ®(i)" 

3 InxN 

4 Y~ / 

V x e [1, e] ; /n+1(x) < /n(x) : j 

f fn+i (x) dx < f* fn (x) dx : d 

Un+l ^un : ^ j 

Lqj 

ila 

/ 3 lnx\ 
= 2x I   + X 

\ 4 2 J 

3x X 
—  - xlnx — — 

2 2 

= x(l — Inx)1 

g) 

-Q®1 

= AO) 

t /3 lnx\ , 
.JOj+oQtt^ /j 4Jl4Jb x —> x I j -IWl jjj 

. Ajlib («„)„>! : jjj un+1 <un : M 

0 —j («„)„>! : jjj (Vn > 1) ; un > 0 : ^ j 
f A (0 dt = 

J pX 
X 2 /I _ lAAY 

.4 2 A 

= l-e2x(l_X_ 
4 \4 2 

3 3e2;,: xe2^ 
■ + 

• Uj^I 

^n+1 = [ /n+iO) dx = [ x (1 — lnx)n+1 dx : ^ 

(1 — lnx)n dx 

4 4 2 

lim xe2^ = 0" = 0 j lim e2x = 0+ = 0 : j' O 

— (1 — lnx)n+1 
lim I Al (0 dt = lim 

c^-00 J X^-O 

'3 3e2;,: xe2^ 
+ — —oo \ 4 4 

: j.1 ili 

— 1 (n + 1) 
= — + ^1 

2 2 /> 
Zn x)n dx 

— 1 (n + 1) 
= "^—' ^ 2 2 r 

—1 (n + 1) 
(Vn > 1) ; un+1 = — + ^ ur 

  
. (*) jj*j 

^I/l(t)dt<F(x)<aT^j//l(t)dt 

dm [^ [ dt \ < lim Fix) < lim ( 1 [ Ait) dt x->-oo yz Jex J x-t-co x->-co yyi + j jex 

:Jdh. 3 3 
— < Z < — 
8 4 
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(©JM01 (®i f ¥j^ 10; iSs^J®} c©i^^>i@ f©ii^^i®) (®i 

; (3) jjjaUll ' '' -^ lil^l 

1 1 
(Vn > 2) ; ——r < u„ < 

n + 1 n n — 1 

n n 
(Vn > 2) ; ——r < nu„ < 

n + 1 n — 1 

(Vn > 2) ; 1 < nun < 1 
1 +- n 1 -i n 

(4) 

lim ( -) = lim ( -) = 0 : ^ 
nco \n + 1/ noo \n — 1/ 

• ^cillL-dj (3) L.(jjj lim un = 0 
noo 

lim (—"T^j = lim (—"T^j = 1 noo yn + iy noo yn _ LJ 
■ lii^l 

limnnn = 1 
nco 

; (4) jjJailill ' jl 

t/n | Vn Un | 

n > 1 jSJ 

- ; llul 

— In In 
—-—h —n„_i + — — — n„_i 

2 2 2 2 
n 

= 2 l^-i +u"-il 

bn -«nl = jl^n-l -"n-ll : jA1 

n\ /n — 1 

^2/V 2 

/n\ /n — 1\ /n — 2 

2/ V 2 

^n\ /n — 1\ /n — 2 

^A-2 

) bn-2 - "n-2l 

l^n—3 ^n—3 I 

(Vn > 1) ; dn = n„_1 c?! : c^Wj 
n! 

2^" 

n! 
(Vn > 2) ; — > 3 n—2 : u1 

2! 
>3° : n = 2 cW (>« £?■ Ji®-? 

n! 
(Vn > 2) ; y > 3n : jl objjij 

(n + 1)! n! ^ 
 ^ = (n + 1) — > (n + l)3n ; UiJ 

(n + 1) > 3 : n > 2 : ji Ou 

(n + l)3n_2 > S""1 : ^ (n + l)3n-2 > 3 ■ S""2 : 4_Lq 

^ = | (/2W - fi(x))dx 

[ f2(*)dx- I fi (x) dx 

= l«i -"2! 

_ -1 (n+l) 
un+l — 2 2 liij] 

Uq xdx = 

■\ 
e2 1 

2 2 -- y 
: jA1 

-1 1/e2 1 
Ui _ ~+2 \y _ 2 

-1 e2 1 1 
U2=l" + T"2"4 

A o 
ez 3 

4 4 V y 

fin 
4 4 

|n1-n2| = (---l-l1---l = -(nnite)2 
>2 3 e2 5\ 1 

?ll = 11/11 = 2cm : ji ^ j cjA unite 
unite = 2cm : 

(unite)2 = 4cm2 : ^ j 

S = ^(unite)2 =[2 cm2] 

0 < un_i_i : U ij.ii'. UiJ •••n+l 

— 1 (n + l) 
0-~+ 2 : lA1 

1 (n + l) 
— <  U • 4_LQ 9 
2 - 2 71 ' J 

(1) 
(n + 1) 

< Un : A 

un+1 < un : lilljS Uii j 

: 
— 1 (n + l) 
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