
2(x — l)(y - 1) + (x - 2)(y - 2) 
2 >  : 

(x - l)(y - 1) + (x - 2)(y - 2) 

(2) V(x,y) e G2 ; 2 > x * y : 

V(x, y) e G2 ; 1 < x * y < 2 : ji (2) j (1) (> 

V(x,y)eG2 ; x*yeG : 
Q <c. A]| ^ J 

mmm 

/ : (M;,X) ^ (G,*) 
x + 2 

X I—>   
X + 1 

; LaJ I_sj3tx (JJfiaJ f 

: jl (>« (jS^" ji f ls^ 
V x,y e M; ; /(x X y) = /(x) * /(y) 

. M+ (>i jjj' y j x 

/x + 2\ /y + 2 
/(x) * /(y) = I 1 * Uj^l 

x + 1/ Vy + 1> 

(^-o(^-o+(m-2)(^-2) 

(jTl) (yTl) + (x^tt) (y+i) 

(ftt) (vTi)+ (f?t) (t+t) 

xy + 2 

xy + 1 = /(* x y) 

f{x) * /(y) = /(x X y) : jA1 

■ (G,*) j3-5 (M+,x) t> jSUij f jjj 

: Gi jiaj ji ^ISi / jjSj ^si 

(VyeG) , (3! x e R+) : /(x) = y 

fix) = y (jj^! GiJjc. UlAali 1 aj' W; (jjSj ; ji 

. y -? -W"j" M+ <-1^- x •> 

■ / C^) = y J G (>1 IJ' y jSJ 
x + 2 •• •• t, t, • 

X + 1 
-|- jjijl JJUtjl ^ AJjljt-cJI a jlA ' j ■ ^ 

(x + 2) = y(x + 1) : 

x(l — y) = (y — 1) : x + 2 = xy + y : 
1   jjijl jjutjl ^ AJjljt-cJI a jlA ( J J. 

1 -y " y — 2 
X =    : 

1 -y 
y — 2 ciilj ^iC. 1 jJayisI Ijj 4_jV ji Ja^.2yU 

" 1-y 
y'-i , 

x =     y l?' 
1-y' 

2 y'- 2 

y-yy 

1 — y l — y' 

- 2 + 2y' = y' - 

; ^^Ic. J i_ajjj 4jli 

2 — yy' + 2y : ^ 

250; A^Lajl 
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□mjn 

; (Jl jjoill IJia Le-a 'i^i 

/? = (x - 2)(y - 2) j a = (x - l)(y - 1) 
V(x,y)eG2 ; x*yeG : ji o?^ ji 

V(x,y) e G2 ; l<x*y<2 ijij^ji 
! jl j^ ji cJj^uJ tilSj j-O 

V(x,y)eG2 ;x*y>l j x*y<2 
rlla.j \n j 

2a: + jS 
V (x,y) e G2 > 0 j 

j1 j^ j1 J) ^ 
2a + f 

< 2 

4_Lq J 

: ^ 

a + ^ a + ^ 

V(x,y) e G2 ; a + ^>0ja>0j^>0 

. G = ]1,2[ j^ jj>^ijc. y j x jSJ : / Jl 

. 1 < y < 2 j 1 < x < 2 : jjj 

. 0 < (y — 1) < 1 j 0 < (x — 1) < 1 

0 < (x- l)(y- 1) < 1 

Ijtjaa A_ia£ ix — l)(y — 1) A-Ld^jl Ha j 

(x — l)(y — 1) > 0 : 

1 < y < 2 j 1 < x < 2 : ^ Uj J j 

-1 < (y - 2) < 0 j -1 < (x - 2) < 0 : jl) 

. jUJjii j%«S (y — 2) j (x — 2) : ji 

(x — 2)(y — 2) > 0 ! GiAjl-A?- ; jl) 

V(x,y) e G2 ; x*y>l :jij^ ^ 

(x — l)(y — 1) > 0 : j^ ijf^n dill Jaj j 

(x — l)(y — 1) + (x — 2)(y — 2) jjajJ^ll Jj i i;.;-i'i j 

2(x — l)(y — 1) + (x — 2)(y — 2) > : ^ 

> (x - l)(y - 1) + (x - l)(y - 2) 

; 4_i]U]| LsuLa 4_i2k.ja1\ 4_IA^]| ^ AJJUIAII oaa 

1 

(x - l)(y - 1) + (x - 2)(y - 2) 

2(x - l)(y - 1) + (x - 2)(y - 2) 

2) 
> 1 ; J. ^i'. i 

(x — l)(y — 1) + (x — 2)(y 
V(x, y) e G2 ; x * y > 1 : ^i 11a j 

(1) V(x,y) e G2 ■, x*y<2 :jij^ ^ 

(x — 2)(y — 2) > 0 : j^ ijf^n dill jyo j 

(x — 2)(y — 2) j^^ J) ' j 

2(x — 2)(y — 2) > (x — 2)(y — 2) : 

2(x — l)(y — 1) 4j^ii aAA J) ■. ilJaj ^aJ 

2(x — l)(y — 1) + 2(x — 2)(y — 2) > : ^ 

> (x - 2)(y - 2) + 2(x - l)(y - 1) 

2[(x — l)(y — 1) + (x — 2)(y — 2)] > : ^ 

> ix- 2)(y - 2) + 2(x - l)(y - 1) 

| 1 y JaS 4_Lc^j| 4JJ1 q"i^\I oAA j-Jj. >-I"I 

1 

(x - l)(y - 1) + (x - 2)(y - 2) 

2013 ( http:/www.professeurbadr.blogspot.coin) : Qjjj jjgj Q^J | 2013^5j 

m mm ©I (0 ®M0 

[T1[2][I] 

/ : (M;,X) (G,*) 
x + 2 

x + 1 

; LaJ i_sj*x ^ J LUJ 

f(x)'ny)=ihn)'ijTil 

(FTTKTTTHiTTK^r) 

"(FTT)(7TT) + (iTT)(^) 

xy + 2 

xy + 1 
= f(x x y) 

f(x) * fiy) = fix x y) 

y 

i — y 
2 y'- 2 

y-yy 

1 — y 1 — y' 

- 2 + 2y' = y - 

2(x - l)(y - 1) + (x - 2)(y - 2) _ 

(x - l)(y - l^) + (x - 2Xy - 2^) 

(2) V(x, y) e G2 ; 2 > x * y : 

V(x,y) e G2 ; 1 < x * y < 2 : j! (2) j (1) 

Vix,y)eG2 ; x*yeG : 

: jS l>^ j' y7 (jjfkill c#^ 
V x, y e M; ; /(x X y) = /(x) * /(y) 

. 2>« y j x 

fx + 2\ fy + 2n 

^y ■ 

: jA1 

. (G,*) (m;,X) jj) 

: Gi jiaj ji !Ajlaj f jjli ^ 

(VyeG) , ( 3! x e M+) : /(x) = y 

fix) = y Lo^jc. UljUi i qj_'t,' y jjSj ; j" jl 

. y -? M+ cs^ lP x Jjis •> 

■ /C^) = y ^ J G (_>« I y 
x + 2 - -1, t. • — at ■ frust) AJJiulajI aAA 
x + 1 

ix -|- ^Jut-La]! jaiJl ^ _ ' j *' 

(x + 2) = y(x + 1) : 
X(1 — y) = (y — 1) : x + 2 = xy + y : 

1   ^^_Lg]I ^ULSI c ' J ^ *' 

' " 1-2 
x =    : ^ 

1 -y 
f y — 2 

liilj l-lJayisl 1 jj 4JV jjl 
1 -y ~ 

y' — 2 ; 
x =   ; (ji^j y l? 

; J . j Aili 

2 — yy' + 2y : l?' 

250 ; ^ 
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dsSfl jjyuJl \) 

:c( 

0
1

 

0
1

 D: 

; (Jl jjoJl Iaa ^ ^ 

/? = (x - 2)(y - 2) J a = (x - l)(y - 1) ^ 
V(x, y) e Gz ; x * y e G : j' ji -yy 

V(x, y) e G2 ; 1 < x * y < 2 : j' WJ ji yy 
; (jl ^nj j)! iii]j (Ja.1 (jx 

Vix,y) e G2 ; x * y > 1 j x*y<2 
: j' yy ji J) -jj" 

2a + ji 
V (x,y) e G2 > 0 j 

2a + B 
<2 

a + ft a + p 

V(x,y) e G2 ; a + P>0ja>0jP>0 

. G = ]1,2[ JW-y j^ yjj^c- y j x j^i: 

. 1 < y < 2 j 1 < x < 2 :ji 

. 0 < (y — 1) < 1 j 0 < (x — 1) < 1 :^j 

0 < (x — l)(y — 1) < 1 : l? 

Ity ix — i)(y — i) j 

(x — l)(y — 1) > 0 : cs-yj 

l<y<2 j l<x<2 : j 

-1 < (y - 2) < 0 j -1 < (x - 2) < 0 : jj) 

. GJais jUJLj jllLaS (y — 2) j (x — 2) : ji 

(x — 2)(y — 2) > o ! LaAjiAi.; jji 

V(x, y) e G2 ; x * y > 1 : ji yy JjVl ^ 

(x — l)(y — 1) > 0 : Cy (Jyj yj ti^-i ily j 

(x — l)(y — 1) + (x — 2)(y — 2) j^j^' ^ J) ' y^1"' j 

2(x — l)(y — 1) + (x — 2)(y — 2) > : 

> ix- l)(y - 1) + (x - l)(y - 2) 

; AJIJII IT ]~A 4_l^jxJl 4-lx^ll AjjlilxJl DAA L_3j^aj 

1 

(x - l)(y - 1) + (x - 2)(y - 2) 
  / 
2(x - l)(y - 1) + (x - 2)(y - 2) 

(x i)(y 1) + (x — 2)(y - 
V(x, y) e G2 

> 1 

(1) V(x,y) e G2 

(x 

2) 
; x * y > 1 

; (_sJc. J. a-. '< 

<ji 

x * y < 2 : ji jy ^ 

2)(y — 2) > 0 : j^ yiyj lillj j 

(x — 2)(y — 2) jyJ)' j 

2(x — 2)(y — 2) > (x — 2)(y — 2) : -yi 

2(x — l)(y — 1) m AjjliLall siA yij ■ "0J jaJ 

2(x — l)(y — 1) + 2(x — 2)(y — 2) >  : yj 

> (x - 2)(y - 2) + 2(x - l)(y - 1) 

2[(x — l)(y — 1) + (x — 2)(y — 2)] > : 

> (x - 2)(y - 2) + 2(x - l)(y - 1) 
| It Ja3 4 lA^ll AjjlilxJl dAA L-J^yJai 

l 

(x - l)(y - 1) + (x - 2)(y - 2) 
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= Ax Ax A 

/0 3 2 
X 0 0 1 

VO 0 0 

/0 0 0 
= 0 0 0 

VO 0 0 

0 0 X 0 0 
0 0 0 0 0 0 

0 0 
0 0 oxo 0 
0 0 0 0 0 0 

lll^] 

A2 = 0 : jj) 

/0 0 0\ 
^0 = 10 0 0 1 Uj-il 

Vo 0 0/ 

A ^ 0 jl ^ 

A3 = Ax A2 =0 : M j 

/0 0 3\ 
^2= 0 0 Ol^O : 2- 

VO 0 0/ 
0 ' '^Vi A2 ^ j j A 0 ij\ jjj 

AxA2= A2 XA = 0 ^ j 
(JT,(M}, ~l~,x)^ jq..oW /I 4ijq.t^jl 

•—-•KCCCC S □] [IE ])])I)])Si»—• 

(^l2 - ^ + /) X (^ + /) = ^l3 + ^l2 - ^l2 - ^ + ^ + / 
- 43 A* +1 = 0 + 1 = I 

(jx jUijL^ixi / j ^4 ji ^ j 

J^3(M) (> >^jc. (^2 — ^4 + /) 2ijL jli 

J^(M) ^ X jjj / (j^3(M), +,x) ji J 

(^ + /) x (^l2 - ^ + /) = (^l2 - ^ + /) x (^ + /) = / : ^ 

(j^(M),+,x) tsi ^ 04 + /) cf^Wj 

(y42 — y4 + /) jA j 

/0 3 2\ /I 0 0\ /I 3 2N 

(^4 + /) = I 0 0 1 + 0 1 0 = 0 1 1 
Vo 0 0/ Vo 0 1/ Vo 0 1/ 

L11.1l 

r/l2 (^4 ^4 + /) — 
0 0 
0 0 0 
0 0 0 

; lilljS Ui^l j 

0 3 2\ /I 0 0\ 
0 0 1 + 0 1 0 
0 0 0/ Vo 0 1/ 

20-3 1 \ /I 0 0^ 
0 0 -1 j + | 0 1 0 

0 0 1/ 0 0 

= 0 
0 0 

21 -3 1 \ /I 3 2\ 
0 1 — 1 J <i jq. .oiqll ^A | Q 4 1 J L-i^lLq 

vO 0 1 / Vo 0 1/ 
J 

y- 2 

1 -y 

y = y' : ^ (y - y') = 0 : ^ 
y — 2 

ai^.J   jli j 
1 y 

^a j Ijuhj LLi (Jjij j7 (x) — y 4JjL*-<i1I (jjj 

J) <j' j)" 
y — 2 . ... 

V y e ] 1,2 [ ;  >0 : j' j'^ 
1 - y 

-1 < (y - 2) < 0 : jjj 1 < y < 2 : M 

-1 < (1 - y) < 0 : jjj 1 < y < 2 : M j 

,l*-ka jLulLi jLiioS (^1 — y) j (y — 2) dp] 

11 Ja3 4_lg£ 1 jLk jl ^1 

y 
Vy e]l,2[ ; ■ > 0 : 

/ y_ 2 \ ^ 
(VyeG),^3!x = : /(x) = y : ji 

. G j*-> MO j^ JjIaj f ji 

(G,*) J^-5 (M0,x) j^ (JSLij f ; ^a^La. 

ivimm 

j!)liajyi 4-C. jl fix \ 

(FJ) (F,*) 4-c. a j-o y7 ^^Llaj (J^Luu Loilic. 4_ji Sat j 
4 \l 4_lll]| j-o li^Uaj) (FJ) ^^ 'Lmll ^rVnui'i <jji 

y7 (jnjailll jc. (F,*) a11 

: j 

■ F cg*^^ j' LS-^^ T u!^ F cg*^^ j' Cg^J^ * i^j 

ll jA y7jli f * jjjUU ll jA g jl£ ljj 

F (^i T j^jli^ AjW a1\ 

JjUuj jA f(x ) jli F 4-Lunllj X (JjV^ jA x' i^j 

F T ^nlb /(x) 

; Lij p_flj*-Q cg^^ y Jl jjoJl IAA ^gi 

/ : (E;,X) ^ (G,*) 

AjjJl j-o li^Uajl (G,*) ^C"jXL^dll AjjJl ^rVnuil jjj 

. / CP (E+,x) -J 
^ ^giii^Jl ^A >Ajl -sxl\ lA J . ^-i'IC- (M.^_,Xj (jl l^ J 

f ll ^A Ajl -s ^ll lA j . ^-i'ic. j ^G,*J jli 
c « e • ' 3 f 

; ji j^a tjq^Vi ji Pll^ i+a JSUU j _ — J^*ll ^i 

3 3 
(VxeG) ; x*- = -*x = x v 2 2 2 

msLO] 
■ F AjU-all jx^xl\ j& e j A11^ (F,*J) j^ : 

| A Jl'lll jaj^iulll C iVq^'i lij ^11 F CP X lj' jlj (J^j 

251: A^Laji 

r x P e 
l3ye£'\{e}; xTy = yTx = e 

/0 0 0\ 
G — | 0 0 0 J LA^ji^a ^lill (M), +, X)^!^!^!! AllaJl ^fiau 

Vo 0 0/ 
/I 0 0\ 

. / = I 0 1 0 1 j 
Vo 0 1/ 
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3 _ Ax Ax A 

0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 

0 0 0 0 0 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 

= 0 

A3 = 0 : jj) 

/0 0 0\ 
.s$5(®0<^ + ■) ^0 = 10 0 01 

^0 0 0/ 

A 0 

A3 = Ax A2 =0 : M j 

/O 0 3\ 
A2 = io 0 OUtO : 

\0 0 0/ 
O LilUg ^4' j j A ^ O Cj jj) 

AxA2=A2XA = 0 j 

(J^3(M), 4qK\1 jq.A Aijq.^ 

•—^CCCSI |Vj 1311 HO] JS)1)1B»—• 

(A2 -A +I) Xi<A +I) = A3 +A'i - A2 -A + A +I 
- a3 A6 +1 = 0 + 1 = I 

^ / j ^4 j' ^ j 

J%3(M) (> (A2 — A + 1} all (jli 

J^3(M) csi Jlffi X j| / ft- (j^3(]R), +,X) j (Jaj j 

(A + I)x(A2 -A + 0 = (A2 -A +I) x(A +I) = I -.tJ+s 

(J%(M), +£i) ^ (^4 + /) 

(A2 — A + I) 4ijL^Lall jA j 

/0 3 2\ /I 0 0\ /I 3 2N 

(^4 + /) = I 0 0 1 + 0 1 0 = 0 1 1 
Vo 0 0/ \0 0 1/ \0 0 1/ 

042 - ,4 + 7) = 
0 0 
0 0 0 
0 0 0 

; lilljS liijl j 

0 3 2\ /I 0 0\ 
0 0 1 + 0 1 0 
000/ \0 0 1/ 

^0-3 1 \ /I 0 0^ 
0 0 -1 1 + ( 0 1 0 

0 0 1/ 0 0 

0 0 

-1 
0 0 

/I 3 2\ 
a M J-j , ^ Lji _A | Q | | J ^ ^ rt\l i > J^Q ^ 

Vo 0 1/ 

y = y' : i/5 (y - y') = o : ^ 

Al^. c 

y- 2 

i -y 

y-2 

i -y 
jijajll jli J 

j lAl^j (Jjij y7(x) = y Jjjj 

. M+ csl) j' O* (J^" jl 
y — 2 

Vy f ]1,2[ ; >0 : M 
i-y 

-1 < (y - 2) < 0 : jj) 1 < y < 2 : M 

1 < (1 - y) < 0 : jj,1 1 < y < 2 : *#1 j 

y*jaa jljAu" (1 — y) j (y — 2) 

y 
Vy e]l,2[ ; 

(VyeG) , ^ 3! x = j—^ e M+ 

>0 : ^ 
i -y 
f(x) = y : jj) 

. G M+ (> f C. 

■ (G,*) (M+,x) lH1 f '■ 

stun] yMM®'—• 

(FJ) ^A y7 LoAio Aj! ^ 'i»j 
4 ^ ^ ll 4_m]l Qja li^Uajl (FJ) 4_m]l ^rVn> >1 '1 4jli 

y7 ^nlalll {jc. ^F;*} ^C-JA-N 

 I  : ^ c> J 

■ F LT*^-3 T F is****-* * Cj^ 

\\ y7(jB^) cj)^ F * clL^-^ Ajl^all \\ ^A Q (jl£ Ijj 

F T Ajt^ A\1 
JjLaa f {x ) jji F X x' 

F ^ T /(X) 

; JJ Laj J^Luij y7 UjaI Jljjaill IAA ^ 

f : (M;.X) ^ (G.*) 

AAJJI (jx li^Uajl (G;*) Ax>ja-^AII AAJJI ^Vnui'i jjj 

. / lP (K+^X) -J 
]_ ^A*Jl ^A AJL^-AII IA (E+,X) jl V-aJ j 

/(I) ll AAxJl ^A ASIA-A]1 IA cillA^ (G;*) cj)^ 
' « ' ♦ ^ 3 c ; ^ji ^j-a jiaJJ ^ji tiilj ^j-a J^Uil j _ — 

3 3 
(VxeG) ; x*- = — *x = x 

[TIHIIjEI 

.£(+** AiLa^ill j.^iWii ja g j ASL. (£",*,7) jSJ 
■ AjUill Ja j j-Jaji i " <aa^ "> 1 j| jQ, £* ^ya X I j-^-aaC- ylj (J jlj 

x + e 
iByeEXff}; xTy = yTx = e 

2 51: I 

/o 0 0\ 
G — I 0 0 0 1 VA^a^-a (^0^3 (E}^ +/X)4JA^1^]1 AlkJl 

Vo 0 0/ 
/! 0 CK 

. / = | 0 1 0 1 j 
Vo 0 1/ 
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0_ _ (j) 

O (j) Q (j) O 

^ j jj-o dj|^£ (^_j' J Lul^oC- CAa-uij LoAic. 

4a A 4 aAjj 74 (J-oi^j AJJI juit ll 4_jj^Ii]| oAA j\i 7 

card(n) = 74 = 2401 : ^ 

AjjIj.>JITJ| 4_JJ^j]1 oA4> CliUjl£xj jA Q ; clnakJ 

$.1 JA*j 4 )\ac* ^A X 

X lAALb jjl U^j ■ (j-o 4-jj)^ 

X(a) = {04.2,3,4} : ^ . 4 ji 3 ji 2 ji 1 ji 0 ^ 

^ic. P^ j^nJadll (jjj (j> >i X (jLolxl 

: Lsh ^ [0,1] JWAl j^-i {0,1,2,3,4} 

Px : {0,1,2,3,4} ^ [0,1] 
k px(k) = p[X = k] 

X jjilLall (j-o p 'LCJS (jLol^.1 ^jjj L. luia-il 

v\X = 01 / ^ ^ 

34 J clsl jXJji ^gJc. Jj. ll jA = 0] 

^JjVl L-i^-ulI AAJI^QI 

3 81 I 
0 ^ = 0 =-;- =  : jJ] FL J 74 2401 I 

"^ = 11: 

Cj^Ij J aA^lJ i^joi ls^" ^ [X — l] 

| UjaI dllj (J^l (j-o j _ 

A ia-uil AajI^] 41 

4_l^.L-£a 4 ^ jgJl jLiikV 4Ajl£x) (7^ 

^1 CJI dj^\j AAau>ii\ 433 

: u^! p[X = 1] = 
41 X c| X 33 432 

74 2401 

"^ = 21 : 

. j4j OJJ'j4j& [x = 2] 2J.IA 
I Uja] tillj (J^l (j-0 J 

jjjjl (j^-0 C^ 

(jjji ll A32 

p[X = 2] = 
42 X Ci X 32 864 

74 2401 
: jA1 

252 : 

Vx,y e E 
\/ a, ft eM 

i#*A" »Aaa (E, +,■) jjSj ^2 
' Ijllill Jaj^Al ^6 ''"' ^jl ^ ^ • 

AJIjUI ly* j (E, +) 

a -(x + y) = a- x + a- y 

(a+ p)-x = a- x + p- x 
(a x p) ■ x = a ■ (P ■ x) 
1 ■ x = x 

Mti4 M>Al ja x A 
^ Cjli^A^aA y* -(- j 

4.3jq i^A L_Jj_Aa ^A ■ j 

, +) 'ijx jll 'ijxj (^E, +) ji OJjj <jIA| ^ 

J%(M) t> jjc. p ji. £" UiJ 

. £" (> M(c, d) j M(a, b) 

' liij] M(a, b) — M(c, d) = al + bA — el — dA 

= (a — c)/ + (ft — d)y4 

= M( a — c ;b — d) e E 

(J^3(M), +) (> Ajjji. j (E, +) jjj 

lA + ji A? j (1) AA (E, +) CP 
^LutiAl ^ya v E O^P ^ ^ A ^ "''' ■"' 

(■) jjjAl jiL^o t-j*.E jjS j (j®3(M), +,■) LAAAI 

V M(a, ft) e E , VaeM ; a ■ M(a, ft) = M(aa,ab) e E '. iP Aj j 

(2) 
V A,B e E 
V a, /? e M 

AJIJUI sJXJ (E, +) 

a-(71 + i?) = a'71 + a'i? 
(a + ^)-y4 = a- y4 + ^- y4 
(a x p) ■ A = a ■ (P ■ A) 
1-A=A 

csfA cso"'" »Aaa (e, +,■) : ji gjiA (2) j (1) ojAA' (> 
. (/, ^4) »j"Vl jA5 

. (£", +,■) i^AAI »Lubill lAj* (I, A) '»ji (>i 
V M(a, b) e E ■, M(a, b) = al + bA : jV 

A j I ^ g Vt ^ , 'X' £* (^6 ^ ^,, ^ji 

■ '(/, A) '»ji jVI jA 

, A J I j.'''aJQ A-a^xxa 4_ila^. 4ai]\j jx jT' "'"' j^.' jx 

a -1 + b ■ A = O 

0 3ft 2ft 0 0 0 
0 0 0 
0 0 0 

0 0 0 
0 0 0 
0 0 0 

a = 0 
ft = 0 

• (.I,A) jjj 
j^uL-ui l^jli E t^AAl xLutiaA 'A^x j o^xi (/^ ^) ji Ixj j 

LS5^' Lrt 
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srn] jui) 

LEE] 

C) ^ 

o © oo 

^ ^jjAL-a cJ-^'W J ^ ^ 

<j^XLxi 4aju 74 (JXO^J AJJIJUITll DAA jli djl7 (J0, 

card(n) = 74 = 2401 : ^ 

AJJIjju^JI AJJAJII flAA dsLul^aj Q ; 

AjIac- (j£ (_^^1 jjilLa]! ^A X 

)( ^^JI^UULII jjilLa]! lA^klj {ji U^j ■ O-0 4-J^^jaLAll 

X(n) = {0,1,2,3,4} : . 4 ji 3 ji 2 jS 1 ji 0 ^ 

^Ic* Px (JJiLd]! {jjj (j> *1 X (^l^udjejl JUl^l 

: isk ^ [0,1] t5%«P j^-i {0,1,2,3,4} 

Px : {0,1,2,3,4} ^ [0,1] 
k px(k) = p[X = k] 

X jjilAll (jx fc 4_xii3 (j£ (JLGI^I jjjj L. 

pFX = 01 ; 

34 J ^J-^ (Jc. Jj> ll jA = o] 
^jjVl Csl j^ll L-j^joi] AjjI^sI 

34 81 N| 
p[X = 0 =-7 =  : jJ] 
fL J 74 2401j 

n\X = 11 : ',<"!■>il 

C1j1^)£ CJ^J j a^.lj p.lj^u3 ^ ^ [^Y" — l] 

| ciil^ L)^1 J . 

Adl^aj 41 

^A_l^.L-£a 4Ja.jaill 4_ljl£-o) 

j-<L2k dl d^\j L-L^AA 33 

41 x C4 x 33 

p[X = 1] = 
432 

74 : jA1 

2401 

nFA- = 21 : 

. dyjl^j^ J OJJ1 J**- OPur^ j* [X = 2] ^LiAall 
■ Lzljj (JB J 

^jjjl.-ll t ^ ' '4 /j" 

(jjjljljlkV i 

O-' J^.J ^ L-jBfc|S A_ijl£>ij 3~ 

-2 
r. .n 42 >< C42 X 32 

v\x = 2] = ^4  
864 

2401 
: jA1 

252 : jdAdll 

(E, +,■) jj^; cs^ 
| AjIIJII Jaj^j^ll jjl 

*0*0 (E, +) 

(Vx,y£E\ a-(x + y) = a- x + a- y 
' 1 (« + /?) ■x = a-x + /?-x 

(a x jS) ■ x = a ■ (13 ■ x) 
1 ■ x = x 

Mcs^ Sr1 jA X ^4 
^_J5 . ,1 ftja, ^rt\l _|_ j 

^qjq^ 4-ajq>^->^ L-j^Ja ^A ■ j 

+ ^ Sjx jll (JX s^aj (EI +) jl jili AJlAill 

J^3(]R) (> JJC- tjz- E UJ^I 

. E t> M(c, d) j M(a, b) 

M(a, b) — M(c, d) = al + bA — cl — dA     -: ^ 

= (a — c)I + (b — d)A 

= M( a — c ;b — d) e E 

(J%(M), +) ojajll (> Ajjji. SjaJ (£", +) jjj 

(1)" (£", +) J^3(M) + j' ^ J 

^ ^ ^ ^Luiaajl a £* ^a Ajsjlall ' " ^ J -i. \1 

(■) ^Jaaillj jiLaa (-j^E jj^ J (j^jClR), +,') Ls^d' 

V M(a,b) e E , VcteE ; a ■ M(a, b) = M(aa,ab) e E '. l)3 ^ j 

(2) 
(V A, B £ E\ 
[y a, f3 £ M/ 

AjIIjj s ja j (E, +) 

a-(A + B) = a- A + a- B 
(a + l3)-A = a- A + l3-A 
(a x (3) ■ A = a ■ ((3 ■ A) 
1 ■ A = A 

isP**- (E, +,■) : u' (2) j (1) ofh^I j| 
. (I, A) 

. (E, +,■) ^Luaill iAj* (I, A) 1 jklVl ji jaaaljll 
V M(a, b) £ E ; M(a, b) = al + bA : 

A J I yj/^J0 ^ AaJak 4AI]\J (J^aj '. ''^' £* a ajo, a ^ w, 

■ cj*- (I,A) j' Opd 

, A J I j/-aJ° ^ ^aa^xla Aalxk Ai^lj ^a lillj ^>>a 

a ■ 7 + ft ■ ^4 = 0 

0 3ft 2ft 0 0 0 
0 0 0 
0 0 0 

0 0 0 
0 0 0 
0 0 0 

a = 0 
ft = 0 

. Uj (/, v4j SJailV' j4' 

1^1 ^LLUI E ^Lutia^L o^l^a j a^ajl ( [i A) 6GJ J 

x ^ "' a\l /• L j aa\l 
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p(E n N) = pN{E) X p{N) : 

= pN(E\) x pN(E2) x pN(E3) x p(N) 

9 874 2016 

12 XTl XT0 X 7 _ 9240 

12 

55 

p(E) 

[UIJE 

= p(E n N) + p{E n R) 

12 
= — + Pr(E\) x pR(E2) x pR(E3) x p(i?) 

12 4 3 2 3 
= 1 x — x — x- 

55 12 11 10 7 

- 12 + 
72 87 

P£(S) 

55 9240 385 

SCO] 
Vp(R) 

-t 
A* aaa] 

p(R n E) pR(E)xp(R) 

p(E) p(E) 

Pr(Ei) x pR(E2) x pR(E3) x p(R) 

P(E) 

^ _3_ _2_ 3 
12 x n x iQ x 7 

87 
385 

1 

29 

1X1 [U 

(£") : 2 z2 — 2(a — l)z + (a — I)2 = 0 

A= 4(a - I)2 - 8(a - I)2 : ^ 

= —4(a — I)2 

= (2i(a- 1))' 
. Z2 j Zj^ (£") jj| 

2(a — 1) + 2i(a — 1) (a — 1)(1 + i) 
Zi = 

^2 = 

4 2 

2(a — 1) — 2i(a — 1) (a — 1)(1 — i) 

□JETIIXI 

(a — 1) = e10 — 1 : jjj 0<d<n^a = eie ^ 

(a — 1) = eie — 1 = cos 0 + i sin 6 — 1 

= cos(0) — 1 + i sin(0) 

. (a — 1) = r e'-f : i—cp j r jc- y, Usja 

cos(d) — 1 + i sin(d) = r cos((p) + i r sin((p) : 

f cos(0) — 1 = r cos((p) j 

( sin(0) = r sin((p) 

(cos(6) — I)2 + sin26 = r2(cos26 + sin26) : ^ 

2 S3 ; 

nfX = 31 : 

Oj£ j jA — 3] ^ 

I UjaI 

g.1 ll 31 

g.| ll 4_l^.L-£a 4Aa.Jolll jl i'i"SV AAjllxl (7^ 

^1 L_i^-kpi 4_ijl£^j 43 

31 x Cl x 43 768 

74 = 2401 :031 

»rx = 4i : 

ciilcJj* ^^ li y [X — 4] ^1 ^ li 

44 256 
p[j = 4] = -r =  : jJ) FL J 74 2401 

Px : {0,1,2,3,4} ^ [0,1] 
81 

Px(0) = 2401 
432 

W) = 2401 
864 

Px(2) = 2401 
768 

PxiV = 2401 
256 

Py(4) = 2401 

■ (J. ■O'l 1 L-Lau o* jSUll 

81 432 864 768 256 
+ —— + ^rT= 1 

2401 2401 2401 2401 2401 

\J1\T\ 

E{X) =^/c-p[Z = /c] 

/ 81 \ / 48Z \ / 864 \ / 768 \ / Zbb \ 

~ 0 (240l) + 1 (240l) + 2 (240l) + 3 (240l) + 4 (240l) 

432 \ / 864 \ 768 \ / 256 \ 

5488 16 

2401 7 

•  □□[D] 

p(E n N) = Pn{E) x p{N) : ^ 
qa ll IIja] J 

j!)U.) 4juIJ1Q CJU^-UO 
LIJIA^.1 AAIIAII ^ J* ^iLaluu 

; LffJt j Loja 4 la!! > >1 a j 

JjVl 4 ^ mil ^ ^ 
AajUII 4_l^_i_ki]| ^^2 I £*2 
4aM11 4_i^_i_ki]| ; £*2 

f ^ n £"2 ^ : ^ 
pNiE) = PwC^i) x pN(E2) x PjvCEs) : ^ j 
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p(E n AO = Pn(E) x p(N) : 

= PwC^i) x pwCOO x PjvC^b) x p(iV) 

9 8 7 4 _ 2016 j 12 
_T2XTlXT0X7_ 9240 "55 

p^) = p(E n N) + p{E n ft; 

12 
= — + PB(fti) x pR(E2) x PrCOO x p(ft) 

12 

12 + 

4 3 2 
X 

12 11 
X 

10 

72 87 

9240 385 

3 

7 

pf (ft) = 

UfLBX 

p(ft n ft) pK(£')xp(ft) 

p(ft) p(E) 

Pr(Ei) x pR(E2) x plf(E2) x p(ft) 

p(ft) 

^ _3_ _2_ 3 
1 X 11 X 10 

87 
385 

1 

29 

1 ^—mil uj >AJ1I I) 

XI □dh] 1DX 

(ft) : 2 z2 — 2 (a — l)z + (a — I)2 = 0 

A= 4(c - I)2 - 8(a - I)2 : M 

= —4(a - I)2 

= (2i(a- 1))' 
. Z2 j Zj^ Jjii (£") SU3j jj) 

2(a — 1) + 2i(a — 1) (a — 1)(1 + i) 
2l | 

^2 = 

4 2 

2(a — 1) — 2i(a — 1) (a — 1)(1 — i) 

(a — 1) = e'61 — 1 : 0<d<n^a = eie 

(a — 1) = el9 — 1 = cos 0 + i sin 0 — 1 

= cos(0) — 1 + i sin(0) 

. (a — 1) = r el<l> : '"w (p jr jp- ja osja 

cos(0) — 1 + i sin(0) = r cos(jp) + i r sinOp) : 

(cos(0) — 1 = r cos((p) . 
1 ■ 
i sin(0) = r sin((p) 

(cos(0) — I)2 + sin20 = r2(cos''0 + sjn20) : ^ 

253 : 'LxLyaji 

niX = 31 

j \\ jA — 3] 

I UJAI cillj 

f C-iAjol] 31 

Cjj j£]l L_1^AA 43 

31 x C| X 43 

p[Z = 3] = 
768 

74 : &>) 
2401 

»rx" = 41 : 

dil (Jj*10^ ^ [X — 4] ^^1 ^ ^ 

44 256 
p[X = 4J = —j = : 

74 2401 

Lgj Px ^_3_n H i^i X jjilLall j 

Px : {0,1,2,3,4} ^ [0,1] 
81 

Px(0) = 2401 
432 

PxiX = 2401 
864 

Px(2) = 
2401 
768 

0K3) = 
101 

256 
&(4) = 

2401 

■ ^ic. (J. 1 L-La^j 04 

81 432 864 768 256 
+ TTTTTT + TTTTTT + TTTTTT + = 1 

2401 2401 2401 2401 2401 

[UCL! 

ft^)=ypjp["= k] 

/ 81 \ / 4iSZ \ / 864 \ / 768 \ / Zob \ 

~ 0 (ziOl) + 1 (240l) + 2 \2401 + 3 (240l) + 4 (ziOl) 

432 \ / 864 \ 768 \ / 256 \ 

5488 16 

2401 7 

t  □jCfi] 

p(ft D N) = pN(E) x p(A1) : 
J* dj^Jl J 

AjuIJIXI CLail^-ul 

dj^j AlllUll A_kjA\ ^^9 £* i."v)^k\l ^iLali-uj ^jjj 

; ^A j l^-lu LAAS A kaA ti a j 

JjVi A i-> > n\1 ^ C5ic. ^ 1 

Ajjljll A)->>>ill ^9 cs^0, ; £*2 
AJMII A-l^-uJl I 

E = E1 O E2 r\ '■ u^j 

Pft(ft) = Pjv(fti) X Pjv(ftzJ X tofts) : ^ j 
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MB M C®j f0|{©' 
«ei 

IXIOlI 

■ 2 j J y"(j'ri 
■ t j jljj^ll L.Ajaia. jj) (C) = C' J 

in 
(a//(C') - a//(/)) = eT(a//(C) - a//(/)) 

a + i\ / a + i 
C  — = i j 

c = 

2 J \ 2 
-1 — ia + a + i (a — 1)(1 — i) 

= ^2 2 2 
^ <lljl j j K 0 ^2 J 
2 

^jl ^Skx]| c L.luia. (jjj 7*2 ^ J 
in 

iaff(A') - aff(K)) = e-{aff(A) - aff(K)) 

a — i\ / a — i 
a  — = j a  — 

ia — l + a — i (a —l)(l + i) 
a ~ T = n = Z1 

a — c 

a — 1 

c = Z2 

EUQE 

(a — l)(i + 1) (a — 1)(1 — i) 
2 ~ 2 

a — 1 

j a = z-t jjj 

 • 

(a — l)(i + 1 — 1 + i) 
x 

(a - 1) 

iCu-^T) 

(a - 1) 
= i 

a — 1 

a — c'\ tt a — c 
arg| ~—^-) =77 M : ^ j 

a — 1 
n 

= i lP) 

(b^,C^) =- [TT] : CP- 

{A'C) (AB') ji I jA j 
A'B'C ^ (216') ji L?i 

. (^'C') 1 (AB') j B'eiAB') jV 

| >31 | "i 

(rmm ID1 
1 1 

lim f (x) = lim , = — 
x^o+ x^0+ (xlnx)2 Vl + (0+)2 

= 1 = /(0) 

Uj^I 

VT+o 

lim/(x)=/(0) :jpl 
x^>0+ 

^ ''' " y ji ^; I^A j 

. +00 f jVI 

1 1 
lim /(x) = lim =   

x^+oo ^+007l + (xlnx)2 V1 + (+00)2 

Vl +1 +oo 
= 0 

lim /(x) = 0 
x^+oo 

: jP1 

cos26 — 2 cos 9 + 1 + sin26 = r2 : 

2(1 — cos 9) = r2 

lA+I 

2 (l - (2 (f) - l)) = ^ 

2 ^2 — 2 cos2 j = r2 

4 ^1 — cos2 = r2 

4 sin2 (^j = r2 

r > 0 j r = 2 sin (^j : 

sin 9 = r sin q) j^ ^3^=^ j . (p 4)-^ j^' 

sin ^2-0 = 2 sin ^ sin((p) 

2 s>{fJcos (D = 2 s>0sin^) 

cos (l) = sin^) 

cosg) = cos(|-<p) 

cosg) = cos(<p-f) 

f - f [2n] lA+I 

(p = e-Y- [27r] gr^ 

(a-l) = 2sing)e
i(£r£) : jP1 

l—f02 V2\ / 71 IL\ r- 
(l + 0 = v2( — + ^_2_) = ^ vC0S 4 + = 

; lligl 

71 

4 
; lilljS Uig] j 

—in 
(1 — 0 = V2 ^cos (-7-) + i sin (-7-)) = V2e 4 

(a-l)(l + 0 1^0^ 
2,= j = r

2Sm[2)'^ei 

= V2sm(^)ei 

(a-l)(l-0 1^0^ ^ ziA. 
z2=   = --2sm[-yj2e 4 

□IllJEI 

[24c] 4j(JaSll ' ° y Ujj 

«//(/) 
aff(A) + aff(C) a + i 

: j/1 

2 2 

. [,46] i-i L A 1 iv>\ J 

aff(K) 
a//(4) + a//(6) a — i 

: j/1 

2 2 
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■ j ^J1 J J y j'JJ-1 ri jfed 
■ i j jl jj^ll t—L-jjoiA jjj r-L (C) = C j 

in 
{amn - aff(J)) = eT(afnC) - aff(J)) 

~ (c'-^) = '(i 

c = 

a + i\ / a + i 

2 / " vl 2 
-1 — ia + a + i (a — 1)(1 — i) 

= ^2 2 2 

2 ' 
" 1. j g^Skx.ll c-iuia. C^) — ^ J 

in 
\aff(A') - aff (K)) = eT(aff(A) - aff(K)) 

| 
/ a — i\ ( a — i 

<=> a = i a  
V 2 J \ 2 

ia — l + a — i (a —l)(l + 0 
a =  =   = 2! 

c = Z2 j a = z1 \ 

a — c 

a — 1 

SljE 
(a — l)(i + 1) (a — 1)(1 — i) 

2 ~ 2 
a — 1 

(q — l)(i "I-1 — 1 + i) 1 
 x 

lijoj 

(a - 1) 

i(a — 1) 

(a— 1) 
= i 

a — c'\ n a — c 
argj a _ 1 I = - W : ^ J 9 l-. . ^ = i : jA' 

2 a — 1 

(WA.C^') [n] : UU 

(^'C') ^ (^45') tj' j 
A'B'C ^ (ylS') j| l?' 

. (^'C') 1 (2IS') j B'eiAB') jV 

B
 

B
l

 

m 
1 1 

lim f(x)= hni — — = , — 
x_>o+ ^^0+ + (xlnx)2 Vl + (0+)2 

= 1 = ®) 
VT+o 

lim /(x)=/C0) : 
x^0+ 

^ ^ 4-k^alx y7 4JUI ^ j 

. +00 y jVi 

1 1 
lim f(x) = lim —=   

x^+00 x^+00 + (xinx)2 V1 + (+00)2 

Vl + 00 "i"00 
= 0 

lim /(x) = 0 : jA1 

X^ + CO 

254': ^ I 

cos 9 — 2 cos 9 + 1 + sin 9 = r : 

2(1 — cos 9) = r2 

2 (l - (2 cos2 (0 - l)) = 

( 

V- 

2(2 — 2 cos2 f rl 1 = r2 

cos2 j = r 

4 sin2 (if) = r2 

r > 0 j r = 2 sin (^j : 

sin 9 = r sin cp (> j . (p AiJij jVI 

sin(2-^ = 2 sinsin((p) 

2 sMf)cos (D =2 sMS:sin(<i0) 

cos (l) = sin^) 

cosg=cosg-<p) 

cos(J) = cos(<p-f) 

" [271] 2^^ 2 

(p = ^ [2n] ul 

(a-l) = 2sm0e
i(£rL) : 

SSIJII 

/V2 V2\ / IL I L\ 
(1 + i) = V2 I — + i — 1 = V2 (yos—+ isin—j = 2e 

; lliJ ^ 

71 71 
- + isin- 
4 4 

; lii J j 

—in 

= 

(1 — i) = V2 ^cos (—) + i sin (—)) = V2e 4 

iinQ-V^ 

= V2sm(d 

= V2si„Q 

•—«««(«(((mnnTiiiDD))*—• 

^2 

(a-1)(1 + ,) = l :oj; 

f9\ ijL 
e 4 

(a —1)(1 —i) 1 (9\ — -"f 
e 4 

ziZL 
e 4 

r 
j y ^ ( j 4-*Jaaj1 t 0 - ^ y Aial 

aff (A) + a/y (C) a + i 
: j4] a//(/) 

[VlB] ^ *Jaall (. J 

uff(iA) + uffiB) a-i 
aff(K) =■    = —— : HI 
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m mm 
SS@ mm 

i^(x) = xlnx e +oo|^ c M : ^ 

i^( ]0, +oo[) c m : jjj 

. ]0; +oo[ (jJc. 2Jjli f = cp o xp jjj 

• . ] 0, + Oo[ Jli-lill (jx IJ . r1\r. X (j^jl 

/(X) = 
Vl + (xlnx)2 

-i 
= (1 + (xlnx)2) 2 

—1 -i 
/'(x) = + (xlnx)2)^ 1(1 + (xlnx)2)' : jjj 

-1 0^3 
= — (1 + (xlnx) ) 2 (2xlnx)(xlnx) 

-1 zA 
= — (1 + (xlnx)2) 2 (2xlnx)(l + Inx) 

-xlnx (1 + Inx) 
3" 

(1 + (xlnx)2)2 

(Vx > 0) ; / (x) = 
-xlnx (1 + Inx) 

T" 
(1 + (xlnx)2)2 

: 

-• HQ] 
3 

(Vx > 0) ; (1 + (xlnx)2)2 >0 : ji ^ 

. (1+lnx) j (Inx) /'(x) jjj 

• - lA 1 + In x j 1 ls^ In x e 
| y7 (jjj 0mjaij 

X 0-1 +0° e 

Inx - ( i + 

1+lnx ( i + + 

/'W ( i + ( > 

/ 

n}[i] 

f—!—dx = f ^-dx = f (ln:t( d:M 
j xlnx j Inx j (Inx) 

= ln(|lnx|) + c ; ceM 

Inx > 1 : x e [e; +oo[ : ji Uj 

ajL^i 4Jb x —> ln(ln x) ji 0 c ii-'-i 

. \e; +00! x —> —-— x\n x 
]1; +oo[ j 4ij*^ 4Jb x->ln(lnx) ji J) J 

. [e,+oo[ c ]1,+oo[ ; jV [e,+oo[ ^ ^ jj 

ryirn 

; A^Ull 0 is* is^ f 

lim (/w-no)\ 
y x — 0 J 

lim x (Inx)2 = 0 

' ni bllj (J^i c^0 J 

J lim (xlnx) = 0 

iim mx)-/(on limi   

X^O+V X — 0 / ^0+xVA/1 + (xlnx)2 
Uj^I 

^ 1 /1 — xjl + (xlnx)2 

x^>0+ X ' Vl + (xlnx)2 / 

: Aii + Vl + (xlnx)2^ ^ j 

^ 111 — Vl + (xlnx)2^ | 1 + V^ + (xlnx)2 

x^o+xy Vl + (xlnx)2 / yl + Vl + (xlnx)2^ 

1 / 1 — 1 — (xlnx)2 

= lim - ,     
x^l + (xlnx)2 (1 + Vl + (xlnx)2] 

1 / —(xlnx)2 

= lim -I .  . 
x^o+ x yVl + (xlnx)2 (1 + Vl + (xlnx)2 

= lim (—x(lnx)2) I  ,  , 
x^0+ ' Vl + (xlnx)2 (1 + Vl + (xlnx)2 

= (-0) 1 I = (0) (i) = 0 
^Vi + (o)2 (i + Vi + (o)2)/ 

/"w -/(0) 
lim = 0 

x — 0 

fd (10 = 0 J j^oJ (jlSLijU 4jjla J7 ji bA j 

[SIT] 

/ (Jla-o 4_Lli j 4Jlj g 1 jj ; 

_ y jLa-o 4_Lli j AJIj y CA£ j 

^ (/) ^ J \*\ I is^ fog U^j 
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. [0, +oo[ JU^ll ^ic. AjAiIji f jV F(an) > F(0) 

(1) (VneN) ; F(an) >0 : j' gr^J 
(Vx > 0) ; <p(x) = x — F(x) : ji 4*j j 

an>0 : jV <F(an) = an - F(an) : jjj 
(2) F(an) = a„ - <Kan) : ^ 

an - (p(an) > 0 : ^ cU^ (2) j (1) ^ 

an > (?(£*„) : cHs 

(VneN) ; <F(an) = n : ji 4*j j 

(VneM) ; an >n : j->] 
; AjlUll /;t,>ij]| J,^i'.i jjl limn = +oo ; ji 

noo 

(VneN) ; an > n 

+oo 

lim(an) = +00 ; ji gmiin CjUlUlall LJjlii i im'. jjj 
noo 

•— «WSL<1(1 CD CS —• 

. neN j n > 1 jSJ 
[0; +00 [ Jl-> a]| ^glc. 4_Llj j 41.,+A F 

V x e [0, +oo [ ; F (x) = /(x) : 
(jL^-o F 4Jl^l 4_+iL(Jt dilAjl jlll 4_iA Ujl^ob jjj 

[0, +Oo[ j-0-Da 

. [0; an] J^i ^ 

(VneN) ; an > 0 jV [0;an] c [0,+oo[ UjJ 
(jL^all j-a £ j. ^-iic. i 4_+iL<i]| CIjIajI jlll 4_iA^>Q l. iuia ( jjj 

F(an) — F(0) 

a„ — 0 
= F (c) = /(c) : ] 0, £Cn [ 

F(an) 

a. - /(c) j 0 < c < an : 

/(0) < /(c) < f(.an) : 0 < c < an : 
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F^CCn) 
(*) 1 < < /(an) ; <1. j 

an 
an e [1; +oo[ j n e [1; +oo[ jli an > n> 1 

[1; +oo[ f jV f(an) < f(n) jj) an > n ^ 

F(a„) 
0<i< 5^</(an)<® 

F^n) 
(1) 0 < ——— < / (n) ; ^ 

(Xy, 

[Oj Tl] is* F (_5Jc. Aj^nxJl djlAiljiill A_iA jixi (3^^ A_L=kjxJl ^ 

: ]0; n[ (In1 £ Ai.jj jj) 
F(n) - F(0) 

n — 0 
= F (8) = /(£) 

F(n) 

n 
= /(|) J 0 < e < n : 

/(0) < /(£) < f{ri) : j->! 0 < 8 < n : 

F(n) F(n) 
0 < 1 < < f(n) : cfl 1 < —^ < f(n) : ^ 

n ^ n 

„ —F(ri) , F(n) 
(2) -f(n) < — <0 : l?I 0 < < f(n) : rJB 

n n 

■ (2) J ^1) QjJjJalllll 1 

^ . F(an) F(n) . N -/(n) < — — < f(n) 
an n 

Jala (3^1 3A lAA 1 j Lo 

F(an) F(n) , 
< f(n) : ^ n 

(3) 
F(an) ^F(n) , ^ A 
  < h f (?2) " (C-ill 

(Xy, n ■ ^ 

F ((Y ^ 
(4) 0 < — : j' 2^2^ (1) (in1 j 

m 

.w ^ ^ L . FM ^F(.n) , ^ , ' Vn > 1) ; 0 < < 1- / (n) 

: j' (4) j (3) (in1 j4' 

[) 
n 

• « 

r~ ; 4JajLuij1 

F(x) 
lim  = 0 j lim /(x) = 0 

x-»+oo X X->+00 

limf-f(n) 
+ f (n) = 0 : lA' n CO \ 77. 

I C&* J 

rv, .i. S r(^) „ F{n) 
(Vn > 1) ; 0 < < 1- / (n) 

a„ n 
ncox 

noo^ 

U 

ivirgi 

[0, +Oo[ (jLauall l*Jaa AjAjI Jj j 4-L^alxi <JlJ (p UjJi] 

. (p( [0, +co[ ) Aj[0, +Oo[ 3^ Jjlij jjj 

(p( [0,+oo[ ) = [ (^(0) ; lim (pipe) \ = [0, +oo[ : Uj-ilj 
L x-4+oo L 

. [0, +Co[ [0, +Co[ jLa-all ^ Jjlij (p jij 
| L-bai^ ^ 'i»j lAA J 

( V y £ [0, +cx3[) , ( 3! x £ [0, +oo[) ; cpix) = y 

i w ^j^. >- iac, fi 

M c [0,+oo[ : jV n£[0,+oo[ : jll 

[0, + 

(Pian) = 11 '■ 
IjS.j Hi. Jj2i x p'l <p(x) = n ; yA ji 

. N (> n cill j [o, +oo[ ^ an j 

CVnfN) , ( 3! an > 0 ) ; ^piar) = n : jjj*!. ji 

•—«C(iC(I E S iMB*—• 

(VnfN) ; an > 0 : j' (Sr1 Uj'J 
. [0, +oo[ JU^II y 'Cxj'J5 F jV F(an) > FiO) jl' 

(1) (Vn£N) ; F(an) >0 : u' 
(Vx > 0) ; (p(x) = x — Fix) : d' A*j j 

an > 0 : jV cp iar) = an — F(a„) : jl] 
(2) F(an) = an- (pian) : ^ 

an - (pian) > 0 : ^ (2) j (1) ^ 

an > (pian) : ^ 

(Vn£N) ; (pian) = n : ji j 

(VnfN) ; an > n : jl] 
; ajUjII ,Vijll _s]c. (_paaj jl' limn = +oo ; jl 

(vn£N) ; an > n 

+oo 

iimQn^) = +cxd ; ji grVn.in t-jbJljliill i—ijlij >. i..■■J jjj 
(_ 7100 

•—^CdCCl GH H 1MB»—• 

. n£N j n > 1 
[0^ +Oo[ (jLa-till (^ic. A_Lli j aIj^LA F 

V X 6 [0, +co[ ; p' (x) = /(x) : 
Jla-A ^i^iF dslAlljjll AiAjfxi 3^1aJ Ujl£xilj jjj 

[0, +00[ (j^«A-i JJIWA 

. [0; an] (Mi : lJjJ\ 

(Vn£N) ; an > 0 jV [0;an] c [0,+oo[ 
3x5 C i djlojl+lll A-iA^ixi L.lulAi C {jjj 

Fian) — F(0) 

a„ — 0 
= F ic) = fie) : ] 0, ccn [ 

F(an) 

ar 
= fic) j 0 < c <an : 

/(M < /(c) < fian) : jj] 0 < c < an : 
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; AjjLUIIAII (jjj . u1 0mjalj CLILIIIJIAII L-Jjlij C ^ luiA 4_LQ J 

/(n + 1) - fjri)  1  

(n + 1) — n (1 + c2) arctan(c) (■) 
,. Ften) „ 
hm = 0 
noo oc n 

: 

ln(arctan(n + 1)) — ln(arctan(n)) = 

ln(arctan(n)) — ln(arctan(n + 1)) = 

(1 + c2) arctan(c) 

-l : ^ 

(1 + c2) arctan(c) 

n2[ln(arctan(n)) — ln(arctan(n + 1))] = 

(Vx > 0) ; <p(x) = x — F(x) : ji (> 

(p(,an) = an — F(an) j->] an > 0 ^ 

(VneN) ; (p(an) = n : ji j 

F(an) = an — n : n = an — F(an) : jjj 

—n 

—n 
v„ = n (1 + c2) arctan(c) 

(1 + c2) arctan(c) 

' 4-a-uj (Jl rfir'l > nlj j 
lim ) = 
noo Va„/ 

Fian) an — n — i n 

<Xn an 
— i 

OCn 

F ian) 
lim = lim 
noo #n noo 

n \ 

anJ 

: ^ 0 = 1- lim ( 
noo \ 1) 

: 

(Vn > 1) , ( 3 c e ]n; n + 1[) ; = 
—n 

(1 + c2) arctan(c) 

□] 

lim f^ = = — = 1 ' j 
ncoUJ lim f—\ 1 

noo \(X.n/ 

lim f—) = 1 : 
noo V 72 / 

n < c < n + 1 : 

iaj M ajaiIji Ulc j jjJatill Iaa arctan ^IaII JkAi 

(1) arctanin) < arctan(c) < arctan(n + 1) 

n < c < n + 1 : UjaI j 

(2) (1 + n2) < (1 + c2) < 1 + (n + I)2 : jjj 

; Aii l_SjjaJ lijja (2) J (1) jJJjJaUll 

' 7 7 (1 + n )arctanin) < (1 + c )arctan(c) < 

< (1 + (n + I)2)arctanin + 1) 

jaIH 

vn = ln(un) = in 

— n2 in 

72 > 1 ; ■" ^ ^ ^ bjc. 72 (jSJ 
„2. 

arctanin) 

arctanin + 1) 

arctanin) 

111 a] 

r~ 

< ijlLall I_S1A jaLU]! Iaa (J^.Aj 

"l 
< < 

(1 + (n + l)2)arctan(n +1) (1 + c2)arctan(c) 
1 

(1 + n2)arctan(n) 

arctanin + 1)^ 

= n2 [ln(arctan(n)) — ln(arctan(n + 1))] 

[H )M)m»—• 

—722 IxJaS L_i1Lai1| AA*J| ^ Jjjallll |AA l_Sjjai L_1 

—n 
< 

—n 

1 j 

(1 + n2)arctan(n) (1 + c2)arctan(c) 

—n2 

< 

< 

(1 + (n + l)2)arctan(n + 1) 

fix) = ln(arctan(x)) : ^ ]0; +oo[ ^ f jjI*! 
^ " y7 aJIaII TjlillA l_i£^q (J > t"<12 ^ a \i t UjaI 

]0; +oo[ JU-all iJjli f liSljS j ]0; +oo[ 

iJjli 4Jb arctan j ]0; +oo[ LSb jlillil! iJii 4Jb In jV 

. ]0;+oo[ c M j M 
(jLi-o ^ y IJIAII ls]c. AA^HHII CJIAII jlll 41A jio (JJfiii UjlS^ib (jil 

]0; +00 [ Ai.jJ j AjAi-o 

. [n; n + 1] j n > 1 

' A^A (2 ^ 2 bill A*J n'l j 

—n 
< ^ < 

—n 

(1 + n2)arctan(n) n (1 + (n + l)2)arctan(n + 1) 

(®) 

■? ] n; n + 1 [ (>i c lP) 

(**) 
fjn + 1) - fjn) 

(n + 1) — n 
= /(c) 

/ (^) = 

V x e ]0; +oo[ ; /"(x) = ln(arctan(x)) : UjaI 

^ : jj) 

(arctan(x)) (l + x2) ^ 

arctan(x) arctan(x) (1 + x2) arctan(x) 
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; Ajjlojlall {jjj 

/(n + 1) - /(n)  1  

SJj+ 1) — n. (1 + c2) arctan(c) 

: 

ln(arctan(n + 1)) — ln(arctan(n)) = 

In (arc tari (n)) — In irctan(n + 1)) = 

(1 + c2) arctan(c) 

-1 : ^ 

(1 + c2) arctan(c) 

' '^ ' 11jjiJl j-i AJ jI > nlflil a jlA i—J j-^a 

r [ln(arctan(n)) — ln(arctan(n + 1))] = 
—n 

r" —n 
Vr, = n (1 + c2) arctan(c) 

(1 + c2) arctan(c) 

' 4aa-uj 3 . J 

' 4^3 

(.Vn > 1) , ( 3 c e ]n; n + 1 [) ; = 
-n 

(1 + c2) arctan(c) 

□] 

n < c < n + 1 : 

: js-i ]R ^Jc. uia 4jaiI ji Ulc j jJalill IiA arctan 

(1) arctan(n) < arctan(c) < arctan(n + 1) 

n < c < n + 1 : lui j 

(2) (1 + n2) < (1 + c2) < 1 + (n + I)2 : jj) 

; Aii l—SjJaJ lijja (2) J (1) Lr1>^ 

(1 + n2)arctan(n) < (1 + c/)arctan(c) < 

< (1 + (n + l)2)arctan(n + 1) 

| -1^-j UJ^jLall jjjallill lAA ^Jc' 

< 
(1 + (n + l)2)arctan(n +1) (1 + c2)arctan(c) 

1 
< 

< 

(1 + n2)arctan(ri) 

' '^ ' —112 I - L-ljLuljl jjjaaljjl lji» L-l j ^' || 

—n 
< 

—n 

(1 + n2)arctan(n) (1 + c2)arctan(c) 

—n2 

L <  

< 

(1 + (n + l)2)arctan(n + 1) 

; A •NJVI liilj (JJLLuu J 

vj: 

2 2 —n —n 
 <1 12 <!  

(1 + n2)arctan(n) n (1 + (n + l)2)arctan(n + 1) 

(®) 

2 59 : 

. J' ^ n >'l UjLljljIxJl LS-iA L. Utl-k Aix J 

(■) r n hm = 0 
noo a n 

(Vx > 0) ; <^(x) = x — F(x) : jl ^ a* 

(pittn) = an~ F(an) ^ an > 0 
(VneN) ; (p{an) = n : j ^ j 

Fian) = ccn — n : n = an — F(an) : j->) 

F(an) av-n n 
= 1 : l?I 

a„ 

F{d£) 
lira — 

I n 
= lim 1  : 

lim | —) = 1 : ^ 0 = 1 - hm f—) : ^ 
roo \ar ) "oo \a^l 

lim (— = = — = 1 ' Jhlh j 
"colnJ limm 1 

noo \CCnJ 

lim (—) = 
noo \ n' 

[H 
72 > 1 ; ' ^ ; ' '-j; la 1 ^ ^ b^c. 77, 

arctanin) 

arctan(n + 1) 

arctan(n) 

vn - ln(u„) = In I I r 1 1 : 

= n2 In, 
arctan{n + l)y 

= n2 [ln(arctan(n)) — ln(arctan(n + 1))] 

•— Hi] J)Mm—• 

f(x) = ln(arctan(x)) : lAj JO; +oo[ ^ f jjj*j 
j y7 bilAll ji jiilb (Jb^aliV babJl ' "'1^ - ^ A - ' _ bjb 

]0; +oo[ pbJ ^^Jc. jlSLi!!! 4Jj1i y7 biljS j ]0; +oo[ (^ic- 

4ij1i |lb arctan j ]0; +oc[ 4Jj1i 4J!j In jV 

. ]0;+oo[ c M j M cs^ 
^ y CJUIJIII 'UA jixi b' Ujl^b jjl 

]0; +00[ Ai.jJ j 

. [n; n + 1] jbiJ j n > 1 

] n; n + 1 [ (> c 4,5^^ jjc. Xi.jj jjj 

(**) 
f(n + 1) - /(n) 

(n + 1) — n 
= /(c) 

/ (x) = 

V x e ]0; +oo[ ; f(x) = ln(arctan(x)) : 

(arctan(x)) (l + x2) ^ 

arctan(x) arctan(x) (1 + x2) arctan(x) 
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; jjlilUll jjSjSji Ajljuil 

n 
lim arctan(x) = — 

x^+oo 2 

—n 
lim arctan(x) = —- 

X^>-CO 2 

—n 

"^"(l + (n + l)2)arctan(n + 1) 

,2 X . ! 
= lim I 

-n 

nm \n2 + 2n + 2 I \arctan(n + 1) 

-n 

nS? (1 + n2)arctan(n) 
; lilliS UiJ j 

^ / -n2 \ / 1 

noo ^n2 + 1/ \arctan(n + 1) 

n 

—n2 \ 
 ]< v <1  
(1 + n2)arctan(ri) J n \(1 + (n + l)2)arctan(n + 1) 

-2 

n 

-2 

nJ 

-2 
lim(vn) = — ; ^ UjLi11j1a1| l i luia. (jjl 
noo TT 

un = eVn : jjj fn = ln(un) j 

lim(un) = lime17" = efe Vn^ = e(^~) : ^ j 
noo noo 

lim(Mn) = e(^) : j 

>-i j Ail j 
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jiulLij, ja£j£ji 1^° 

n 
lim arctan(x) — — 

x —>-(-co 2 

—n 
lim arctan(x) = —- 

x->—00 2 

—n 

^(1 + (n + l)2)arctan(n + 1) 

,2 
= lim ( 

-n 
V—- 
J \arctan(j noo \n2 + 2n + 2/ \arctan(n + 1) 

-n 

nS1 (1 + n2)arctan(n) 
; lilljS lli J j 

^ / -n2 \ / 1 

noo \ji2 + 1J \arctan(n + 1) 

; ^ 1. .-ij JjJaUll (jjj 

—n2 \ 
 ]< v <1  
(1 + n2)arctan(ri) J n Wl + (n + l)2)arctan(n + 1) 

-2 

n 

-2 

n, 

-2 
lim(vn) = — CjUULail i^^i-L^axi (, luia. ^jjl 
noo n 

un = eVn '■ O-5) Vn = ln(un) Uj-il J 

lim^u^) = lime17" = efel7") = ^ j 
noo noo 

(zl\ 
lim(Mn) = ev it / 
noo 

: 

260 : 
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